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Abstract
This paper is a survey of the results obtained in [9], where the basis to develop
the DPO transformation of partial and total algebras of an arbitrary signature
(type) were established. In particular, we describe here the gluing condition and
the uniqueness condition for the corresponding categories of algebras, which are
necessary and suÆcient conditions to guarantee that a rule can be applied and the
result of its application is unique (up to isomorphism).
1 Introduction
The double pushout (DPO) approach to graph transformation was introduced
in the early seventies and has become nowadays a well-established rewriting
formalism. It is used as a rule-based formal specication technique for software
systems, where the states of a system are represented by graphs and the
transitions between two states are modeled by the DPO transformations of
the corresponding graphs.
Although the DPO approach has been developed in several dierent cat-
egories of unary and relational structures, until our work there had not been
any attempt of generalizing such an algebraic approach to partial and total
algebras of an arbitrary type. In this paper, we survey the results of [9] where
the basis for the development of the DPO transformation of partial and total
algebras over an arbitrary type are established. Such a development would
allow a rule-based formal specication of software systems with complex states
modeled by algebras. Let us mention at least one possible application of it:
1
This work has been partly supported by the DGES, grant PB96-0191-C02-01 and
BFM2000-1113-C02-01. M. Llabres has been also partly supported by the EU TMR Net-
work GETGRATS through the Tech. Univ. of Berlin and the Univ. of Pisa.
Email: merce.llabres@uib.es,cesc.rossello@uib.es
c
2002 Published by Elsevier Science B. V.
Open access under CC BY-NC-ND license.
Llabres, Rossello
the specication of Dynamic Abstract Data Types (DADT). The interest in
modeling systems with dynamic behavior, where dynamic operations are mod-
eled by transformations between algebras, has led to the development of the
concept of DADT, where notions of algebraic transformation and ADT speci-
cation, requiring arbitrary signatures in a natural way, interact. One proposed
way of specifying these dynamic operations has been by means of attributed
graph transformation systems: the attributed graphs model the instant struc-
tures of the DADT and the transformation of instant structures is specied
by rules in an attributed graph transformation system, [6]. But, although
the single pushout (SPO) approach to attributed graph transformation is well
established (see, for instance, [10]), so far only one, and very restrictive, DPO
approach to the transformation of attributed graphs has been introduced in
[1]. Moreover, attributed graphs cannot represent recursive structures, like
stacks of objects or object references.
To explain the main results obtained in [9], we must rst briey recall the
basic notions of the DPO approach of transformation in an arbitrary category
C that, for convenience, we shall assume has all pushouts. In this rewriting
formalism, a production rule in C is a span of morphisms P = (L
l
   K
r
 !
R) in C, and it can be applied to an object D through a morphism m : L! D
if there exists a diagram
L
m

K
r l
g

R
g
0

D B
l
0

r
0

H
such that both squares are pushout squares in C (a double pushout diagram).
Should such a diagram exist, the object H is said to be derived from D by the
application of rule P through m, and the object B is called the context object
of this derivation.
Thus, previous to the development of a DPO transformation in a category
C, the following three problems must be solved.
The application problem: when can a given production rule be applied
through a given morphism? If C has all pushouts, solving this application
problem amounts to nding what is classically called a gluing condition: a
necessary and suÆcient condition on two morphisms l : K ! L and m : L!
D in C for the existence of a pushout complement of them, i.e., an object B
and two morphisms g : K ! B and l
0
: B ! D such that D, together with m
and l
0
, is a pushout of l and g in C.
The uniqueness problem: which production rules are such that when they
are applied to an object through a given morphism, all derived objects are
isomorphic? Since pushouts are unique up to isomorphism, it is usual to solve
this problem by nding a uniqueness condition in C: a necessary and suÆcient
condition on a morphism l : K ! L for the uniqueness up to isomorphism of
the pushout complement (if any) of l and each morphism m : L! D.
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The description problem: what do we call the result of the application of a
production rule to an object through a morphism? To solve this problem we
give an explicit description of a terminal derived object by the application of
a rule through a morphism (roughly, a derived object that is an epimorphic
image of all other derived objects). Notice that if the left-hand morphism
in the rule satises the uniqueness condition, then all derived objects by the
application of the rule through a given morphism will be isomorphic.
In this paper we summarize the solutions obtained in [9] to these three
problems in the categories Alg

of partial algebras of an arbitrary signature
(type)  with homomorphisms as morphisms and the category Alg
;
of -
total -algebras (partial -algebras such that all operations in them belonging
to a xed set of operation symbols  are total; we call them, generically,
partly total algebras) with homomorphisms as morphisms. If  is the set of
all operation symbols in , then Alg
;
is the usual category TAlg

of total
-algebras.
Since this paper is a survey of [9] and only the most relevant results therein
are recalled here, we refer the reader to loc. cit. for all denitions and basic
concepts of partial algebras, as well as for examples and proofs of those con-
cepts and results collected here. Some of the results recalled here have already
been included in [8] and [3].
2 Pushout complements in Alg

We present in this section the solutions to the application and uniqueness
problems in Alg

. First, we recall the pushout construction in this category.
In the sequel, 
(+)
denotes the signature obtained from a signature  by
removing all its nullary operations, and for every partial -algebra A, we
shall denote by A
(+)
its 
(+)
-reduct.
2.1 Pushout construction in Alg

Proposition 2.1 Let f : K! A and g : K! B be two homomorphisms of
partial -algebras. Let A
(+)
+B
(+)
= (AtB; ('
A
(+)
+B
(+)
)
'2

(+)
) be the partial

(+)
-algebra with carrier set the disjoint union
2
of A and B, and operations
dened as follows: for every ' 2 

(+)
, '
A
(+)
+B
(+)
= '
A
t'
B
in the sense that
dom '
A
(+)
+B
(+)
= dom '
A
t dom '
B
and if a 2 dom '
A
(respectively, b 2
dom '
B
), then '
A
(+)
+B
(+)
(a) = '
A
(a) (respectively, '
A
(+)
+B
(+)
(b) = '
B
(b)).
Let (f; g) be the least congruence on A
(+)
+B
(+)
containing the relation
E(f; g) = f(f(x); g(x)) j x 2 Kg [ f('
A
0
; '
B
0
) j '
0
2 

(0)
; '
A
0
; '
B
0
denedg:
Let nally D be the partial -algebra whose 
(+)
-reduct is the quotient
2
Formally, the disjoint union A t B of A and B is dened as A  f1g [ B  f2g, but in
order to simplify the notations we shall identify A and B with their images in A t B.
3
Llabres, Rossello
(A
(+)
+B
(+)
)=(f; g) and whose nullary operations are dened as follows: for
every '
0
2 

(0)
, '
D
0
is dened if and only if '
A
0
or '
B
0
are dened, in which
case '
D
0
is its (or their) equivalence class modulo (f; g).
Then D, together with the homomorphisms g
0
: A ! D and f
0
: B !
D given by the restrictions to A and B of the quotient mapping A t B !
(A tB)=(f; g), is a pushout of f and g in Alg

.
2.2 The gluing condition and uniqueness condition in Alg

As a corollary of the pushout construction explained above we obtain the
following inheritance property for closed and injective homomorphisms.
Corollary 2.2 Let (D; g
0
: A! D; f
0
: B! D) be a pushout of f : K! A
and g : K ! B in Alg

. If f is closed and injective and g is injective, then
f
0
is closed and injective and g
0
is injective.
Since, in the category Alg

, the pair (E ;M), where E is the class of all
epimorphisms andM is the class of all closed and injective homomorphisms,
is a factorization system, every pair of homomorphisms f : K ! A and m :
A ! D having a pushout complement in Alg

has one pushout complement
(B
0
; g : K ! B
0
; d : B
0
,! D) such that d : B ,! D is the embedding of
a closed subalgebra: we shall call it natural. Since such a natural pushout
complement is fully determined by the algebra B
0
, to simplify the notations
we shall usually identify it in the sequel with this algebra.
Theorem 2.3 Let f : K ! A and m : A ! D be two homomorphisms of
partial -algebras. Let B
0
= C
D
((D   m(A)) [mf(K)), let d : B
0
,! D be
the corresponding closed embedding, and let g : K ! B
0
be the composition
m Æ f understood with target algebra B
0
.
If f and m have a pushout complement in Alg

, then
(B
0
; g : K! B
0
; d : B
0
,! D)
is their unique natural pushout complement, and it is terminal in the following
sense: if (C; m
0
: K ! C; f
0
: C ! D) is another pushout complement
of them, then there exists a unique homomorphism h : C ! B
0
, which is
moreover an epimorphism, such that h Æm
0
= g and d Æ h = f
0
.
The fact that f : K ! A and m : A ! D have a pushout complement
in Alg

iff B
0
is their natural pushout complement can be translated into
a set-theoretical characterization of those pairs f and m of homomorphisms
that have a pushout complement, yielding the gluing condition in Alg

(see
the next corollary). But, in contrast to the unary case, we do not have any
intuitive meaning for this gluing condition.
Corollary 2.4 Let f : K ! A and m : A ! D be two homomorphisms of
partial -algebras. Let B
0
= C
A
((D m(A))[mf(K)) and let #(f;m) be the
4
Llabres, Rossello
least congruence on A
(+)
+B
(+)
0
containing the relation
f(f(k); mf(k)) j k 2 Kg [ f('
A
0
; m('
A
0
)) j '
0
2 

(0)
; '
A
0
denedg:
Then, f and m have a pushout complement in Alg

iff they satisfy the follow-
ing properties (jointly called the gluing condition in Alg

):
GC1) If a; a
0
2 A are such that m(a) = m(a
0
) 62 B
0
, then (a; a
0
) 2 #(f;m).
GC2) If m(a) 2 B
0
then (a;m(a)) 2 #(f;m).
GC3) For every ' 2 
, if d 2 dom '
D
and d 62 B
!(')
0
then d = m(a) for
some a 2 dom '
A
.
As far as the uniqueness condition goes, by Theorem 2.3 and since (E ;M)
is a factorization system in Alg

, this condition turns out to be a necessary
and suÆcient condition on a homomorphism f : K ! A to guarantee that
in any pushout square in Alg

with top homomorphism f , the bottom homo-
morphism is closed and injective. In particular, the uniqueness condition must
include closedness and injectivity. But, contrary to what happens for unary
partial algebras, closedness and injectivity are not enough here, and the fol-
lowing extra condition is needed.
Denition 2.5 A subalgebra C of a partial -algebra A satises the min-
imal congruence extension property (mce-property, for short) when for every
congruence  on C, if  is the least congruence on A containing , then:
i)  \ (C  C) = .
ii) For every ' 2 
, if (a
1
; : : : ; a
n
) 2 dom '
A
and (a
1
; c
1
); : : : ; (a
n
; c
n
) 2  with
c
1
; : : : ; c
n
2 C, then there exist c
0
1
; : : : ; c
0
n
2 C such that (a
1
; c
0
1
); : : : ; (a
n
; c
0
n
)
2  and (c
0
1
; : : : ; c
0
n
) 2 dom '
C
.
A homomorphism f : K ! A is a mce-homomorphism when it is closed
and injective and the closed subalgebra of A supported on f(K) satises the
mce-property.
In other words, a subalgebra C of A satises the mce-property iff for
every congruence  on C, the quotient set C= embeds to a closed subset
of A=. When  is a unary signature every closed subalgebra satises the
mce-property.
Theorem 2.6 Let f : K! A be a homomorphism of partial -algebras.
a) If f : K ! A is an mce-homomorphism and m : A ! D is a homomor-
phism of partial -algebras such that they have a pushout complement in
Alg

, then it is unique up to isomorphism over K and D, and the natural
pushout complement is given by the closed subalgebra of D supported on
(D  m(A)) [mf(K).
b) If for every homomorphism m of partial -algebras with source algebra
A such that f and m have a pushout complement in Alg

, this pushout
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complement is unique up to isomorphism, then f : K ! A is a mce-
homomorphism.
3 Pushout complements in Alg
;
3.1 -total -algebras
In this section we introduce the category Alg
;
of -total -algebras and
two key concepts, the free -completions and the -freeness core of a partial
algebra, that are used to solve the application problem in this category.
Let  = (S;
; ) be an arbitrary signature and let   
 be a non-
empty set of operation symbols in . We shall denote by 

the subsignature


= (S;; j

) of , and given any -algebra A we shall always denote its


-reduct by A

.
A -algebra A is said to be -total when '
A
is total for every ' 2 , i.e.,
when its 

-reduct A

is total. The full subcategory of Alg

with objects all
-total -algebras will be denoted by Alg
;
. In particular, when  is the set
of all operation symbols in , then the -total -algebras are exactly the total
-algebras and hence Alg
;
= TAlg

. Moreover, in the following example
we show how we can understand attributed hypergraphs as a particular case
of a special type of -total -algebras.
Example 3.1 Let 
0
= (S
0
;

0
; 
0
) and 
1
= (S
1
;

1
; 
1
) be two signatures
with S
0
\S
1
= 

0
\

1
= ;. Let  = (S;
; ) be a signature with S = S
0
[S
1
,

 = 

0
[ 

1
[ A, where A \ (

0
[ 

1
) = ;, and  : 
 ! S

 S such that
j


0
= 
0
, j


1
= 
1
and () 2 S
0
 S
1
for every  2 A.
The 

1
-total -algebras are then structures consisting of a 
0
-algebra
whose elements may have attributes (given by the possibly partial attribution
mappings corresponding to the operation symbols in A) in a total 
1
-algebra.
On the other hand, a (

1
[ A)-total -algebra would be a similar structure
except that the attribution mappings must be total. These would be two
dierent kinds of what could be called 
1
-attributed 
0
-algebras, generalizing
the notion of attributed hypergraphs (cf. [10]).
Of course, by modifying the set  we can also impose some operations in

0
to be total as well as some operations in 
1
to be possibly partial.
The class of all -total -algebras, for any pair (;), is an E-variety in
the sense of [2, x6.1], i.e., it is the class of all models of some set of existence
equations: these existence equations are those imposing that the operations
in  must be total. In particular, it is closed under closed subalgebras and
homomorphic images.
A free -completion of a partial -algebra A is an epimorphism `
A
: A!
A, with A -total, that satises the following universal property: for every
homomorphism f : A ! B with B -total, there exists one, and only one,
homomorphism

f : A ! B such that

f Æ `
A
= f . As a consequence of this
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universal property, if f : A ! B is a homomorphism of partial -algebras
and `
A
: A ! A and `
B
: B ! B are free completions, then there exists
one, and only one, homomorphism of -total -algebras

f : A ! B such
that

f Æ `
A
= `
B
Æ f . This universal property also implies that two free
-completions of a partial -algebra A are always isomorphic over A.
A free -completion of a partial -algebra A = (A; ('
A
)
'2

) can be
obtained as follows. Let T


(A) be the free 

-algebra generated by A,
with carrier the S-set T


(A) of 

-terms with variables in A. Let A

=
(T


(A); ('
A

)
'2
) be the total 

-algebra such that for every ' 2  and
for every t 2 T


(A)
!(')
,
'
A

(t) =
8
<
:
'
A
(t) if t 2 dom '
A
'
T


(A)
(t) otherwise
Set A = C
A

(A) and let A

be the closed subalgebra of A

supported on A.
The 

-reduct A

of A is a relative subalgebra of A

and the embedding
A

,! A

is a free completion (of 

-algebras) of A

.
Let nally A be the partial -algebra whose 

-reduct is A

and where
each operation '
A
with ' 2 
  is dened to be equal to the corresponding
operation '
A
.
Whenever we say that a -total -algebra B is a free -completion of a
partial -algebra A, we shall mean that A is a relative subalgebra of B and
the embedding A ,! B is a free -completion.
Let now A be a partial -algebra with carrier A = (A
s
)
s2S
. Let 
+
A
be
the transitive closure of the relation 
A
on
S
s2S
A
s
dened by a
0

A
a iff
a = '
A
(a
i
1
; : : : ; a
0
; : : : ; a
i
m
) for some operation symbol ' 2 
 and some tuple
(a
i
1
; : : : ; a
0
; : : : ; a
i
m
) 2 dom '
A
. For every X  A, let the initial segment
generated by X be the set
#
A
X = X [ fa 2 A j there is some x 2 X such that a 
+
A
xg:
X is an initial segment of A iff #
A
X = X.
The -freeness core K

(D) of a partial -algebra D = (D; ('
D
)
'2

) is
the initial segment #
D
K
0
(D), where
K
0
(D) = (D  
S
'2

'
D
(dom '
D
)) [ (
S
'2
 
'
D
(dom '
D
)) [
fd 2 D j there exist ';  2 ; b 2 dom '
D
; c 2 dom  
D
with '
D
(b) = d =  
D
(c) and (' 6=  or b 6= c)g [
fd 2 D j d 
+
D
dg:
We have the following reformulation of [2, Th. 5.3.7, Prop. 5.5.2].
7
Llabres, Rossello
Lemma 3.2 Let A be a -total -algebra and B a relative subalgebra of it.
Then, A is a free -completion of B iff B is an initial segment of A that
contains K

(A) and generates A.
3.2 The gluing condition and uniqueness condition in Alg
;
We solve in this section the application and uniqueness problems in Alg
;
.
First, we recall the pushout construction in Alg
;
.
Proposition 3.3 Let f : K ! A and g : K ! B be two homomorphisms
of -total -algebras, let (H; ~g : A ! H;
~
f : B ! H) be a pushout of f
and g in Alg

, and let `
H
: H ,! H be a free -completion of H. Then
(H; `
H
Æ ~g : A! H; `
H
Æ
~
f : B! H) is a pushout of f and g in Alg
;
.
Since we have given an explicit description of pushouts in Alg

and free -
completions, this result provides an explicit description of pushouts in Alg
;
.
Moreover, as a consequence of the previous proposition we have the following
result.
Proposition 3.4 Two homomorphisms of -total -algebras f : K! A and
m : A ! D have a pushout complement in Alg
;
iff there exists a relative
subalgebra D
0
of D whose carrier contains m(A) and such that D is a free -
completion of D
0
and f : K! A and m : A! D
0
have a pushout complement
in Alg

.
Moreover, if D
0
is such a relative subalgebra of D, if B
0
is the natural
pushout complement of f : K ! A and m : A ! D
0
in Alg

, and if B =
C
D
(B
0
), then B is the natural pushout complement of f : K ! A and m :
A! D in Alg
;
.
The following result is a consequence of this proposition and Theorem 2.3.
Proposition 3.5 Let f : K! A and m : A! D be two homomorphisms of
-total -algebras that have a pushout complement in Alg
;
. Then, they have
one and only one natural pushout complement in Alg
;
, and this is terminal
in the sense of Theorem 2.3.
Now, the following result is the basis of our gluing condition.
Theorem 3.6 Let f : K! A and m : A! D be homomorphisms of -total
-algebras, D
0
= K

(D)[ #
D
m(A), and D
0
= C
D
(D
0
). Then, f : K ! A
and m : A! D have a pushout complement in Alg
;
iff
a) f : K! A and m : A! D
0
have a pushout complement in Alg

; and
b) if B
0
is the natural pushout complement of f : K! A and m : A! D
0
and
B
0
= C
D
(B
0
), then the embeddings B
0
,! D
0
and D
0
,! D have a pushout
complement in Alg
;
.
Condition (a) in this theorem is covered by the gluing condition in Alg

given in the previous section. Moreover, if D is a nitely generated -total
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-algebra or if 

is a hierarchical signature, then it turns out that D is
generated by K

(D) and condition (b) is superuous. In the general setting,
and as far as condition (b) goes, it is easy to prove thatD
0
is an initial segment
of D, and then we can apply the following result. In it and in the sequel, given
a -total -algebra D and two closed subsets B
0
; D
0
of it such that B
0
 D
0
,
we set
H(D
0
; B
0
) = D
0
[ fx 2 D  D
0
j every chain w.r.t. 
D
from an element of
D
0
  B
0
to x involves some element of B
0
g:
Lemma 3.7 Let D be a -total -algebra, let D
0
be a closed subset of D
that is also an initial segment of it, and let B
0
be a subalgebra of D
0
. Set
H = H(D
0
; B
0
).
a) H is an initial segment of D.
b) B
0
,! D
0
and D
0
,! H have a pushout complement in Alg

.
c) If D
0
is an initial segment of D containing D
0
and such that B
0
,! D
0
and
D
0
,! D
0
have a pushout complement in Alg

, then D
0
 H.
Now, with the notations of this lemma, if D is a free -completion of H,
then by Proposition 3.4 and point (b) we have that the embeddings B
0
,! D
0
and D
0
,! D have a pushout complement in Alg
;
. And conversely, if
B
0
,! D
0
and D
0
,! D have a pushout complement in Alg
;
, and if D
0
is a relative subalgebra of D containing D
0
and such that D is its free -
completion and B
0
,! D
0
and D
0
,! D
0
have a pushout complement in Alg

,
then D
0
 H, which implies that H generates D and therefore, by Lemma
3.2, D is a free -completion of H.
This argument, together with Proposition 3.4, extracts from Theorem 3.6
the following gluing condition in Alg
;
.
Theorem 3.8 Let f : K ! A and m : A ! D be two homomorphisms of
-total -algebras. Set D
0
= K

(D)[ #
D
m(A) and D
0
= C
D
(D
0
), and let
m : A! D
0
be the homomorphism m understood with target algebra D
0
.
Then, f : K! A and m : A! D have a pushout complement in Alg
;
iff
a) f : K! A andm : A! D
0
satisfy conditions (GC1) to (GC3) in Corollary
2.4; and
b) if B
0
= C
D
((D
0
 m(A)) [mf(K)), then H(D
0
; B
0
) generates D.
And if f and m satisfy conditions (a) and (b), then the subalgebra of D gen-
erated by the natural pushout complement of B
0
,! D
0
and D
0
,! H(D
0
; B
0
)
in Alg

is the natural pushout complement of f : K! A and m : A! D in
Alg
;
.
As far as the uniqueness condition goes, Proposition 3.5 and the fact that
the same pair (E ;M) as in Alg

is also a factorization system in Alg
;
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imply that this condition is again a necessary and suÆcient condition on a
homomorphism f : K! A to guarantee that in any pushout square in Alg
;
with top homomorphism f , the bottom homomorphism is closed and injective.
Proposition 3.3 can be used to prove then that the gluing condition in Alg
;
is the same as the one in Alg

, i.e., to be a mce-homomorphism.
Finally, we would like to mention here that when  = 
, which cor-
responds to consider arbitrary total algebras, conditions (a) and (b) in the
previous theorem form also the gluing condition in TAlg

and they cannot be
greatly simplied. But condition (ii) in Denition 2.5 is always satised, and
therefore the uniqueness condition in Alg

is reduced, up to isomorphism, to
the usual congruence extension property for total algebras (condition (i) in
Denition 2.5).
4 DPO transformation in Alg

and Alg
;
We introduce in this section the DPO transformation in the categories of
partial algebras and partly total algebras of an arbitrary type. Examples of
how the DPO transformation of partial and partly total algebras can be used
to specify some procedures in the spirit of DADT are explained in detail in
[9].
Denition 4.1 Let P = (L
l
   K
r
 ! R) be a production rule in Alg

(resp. Alg
;
) and let m : L ! G be a homomorphism of partial -algebras
(resp. -total -algebras) satisfying the gluing condition with respect to l in
the corresponding category. Let (D; d : D ,! G; g : K ! D) be the natural
pushout complement of l andm described in Theorem 2.3 (resp. Theorem 3.8):
we shall call it the context algebra of the application of rule P to G through
m.
Let nally H, together with the homomorphisms g
0
: R ! H and r
0
:
D ! H, be the pushout algebra of r : K ! R and g : K ! D described in
Proposition 2.1 (resp. Proposition 3.3). We shall call H the terminal derived
partial -algebra (resp. the terminal derived -total -algebra) of G by the
application of rule P through m.
L
m

K
r 
g

l
R
g
0

G D
r
0
 
d

H
Now, as a direct consequence of some results in the previous sections we
obtain the following theorem.
Theorem 4.2 Under the notations of the last denition, let H
0
be any partial
-algebra (resp. -total -algebra) such that there exists a double-pushout
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diagram in Alg

(resp. Alg
;
)
L
m

K
r 
f

l
R
f
0

G
D
0
r
00

d
0

H
0
and let H be the terminal derived partial -algebra (resp. -total -algebra)
of G by the application of P through m described in Denition 4.1.
a) There exists an epimorphism e : H
0
! H such that e Æ f
0
= g
0
.
b) If l : K ! L is a mce-homomorphism or if l : K ! L is closed and
injective and m is injective, then e : H
0
! H is an isomorphism.
5 Conclusions
In this paper we have summarized the main results obtained in [9] about
the application, uniqueness and description problems (which must be solved
previous to the development of the DPO transformation) in the categories
of partial, partly total and total algebras of an arbitrary type. Of course,
the resulting DPO transformation of partial and total algebras generalizes the
(well-known) DPO transformation of unary partial and total algebras.
There are some further results in [9] that deserve to be at least pointed out.
On the one hand, that the DPO transformation of -total -algebras strictly
subsumes the procedure of carrying out the DPO transformation of -total
-algebras in Alg

and then computing the -free completion of the derived
algebra. And, on the other hand, that the DPO transformation of partial
and total algebras of an arbitrary type is totally independent of their SPO
transformation using quomorphisms and closed-domain quomorphisms, and
it is not completely subsumed by M. Groe-Rhode's Algebra Transformation
Systems, [7], although the latter have a greater expressive power.
We mentioned in the introduction that the DPO transformation of partial
and total algebras of an arbitrary type could be used in the specication of
software systems with complex states, and in particular of DADT. Although
the results recalled here lay the basis for the development of this DPO transfor-
mation and therefore open the door, at least in theory, for such a specication,
our feeling is that they will not be very useful in practice: the application con-
ditions in Alg

and TAlg

are too involved to be implemented easily, and the
uniqueness condition in these categories does not allow to nd for every rule
an equivalent rule that satises it.
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